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WEYL ALMOST PERIODIC SELECTIONS OF MULTIVALUED MAPS
L.I. DANILOV
Let (U, ρ) be a complete metric space and let a point x0 ∈ U be fixed. For p > 1, we
denote by Mp(R, U) the set of (strongly) measurable functions f : R→ U such that
sup
ξ∈R
ξ+1∫
ξ
ρ p (f(t), x0) dt < +∞ .
On Mp(R, U) we introduce the metrics
D
(ρ)
p, l(f, g) =
(
sup
ξ∈R
1
l
ξ+l∫
ξ
ρ p (f(t), g(t)) dt
)1/p
, l > 0 ,
and the semimetric
D(ρ)p (f, g) = lim
l→+∞
D
(ρ)
p, l(f, g) , f, g ∈Mp(R, U) .
For a measurable set T ⊆ R (in the sense of Lebesgue), we use the notation
κW (T ) = lim
l→+∞
sup
ξ∈R
1
l
meas [ξ, ξ + l] ∩ T ,
wheremeas is Lebesgue measure on R. LetM∗p (R, U) be the set of functions f ∈Mp(R, U)
such that for any ε > 0 there is a number δ > 0 such that for all measurable sets T ⊆ R
with κW (T ) < δ the inequality
lim
l→+∞
sup
ξ∈R
1
l
∫
[ξ,ξ+l]∩T
ρ p (f(t), x0) dt < ε
holds.
Let ε > 0. For a function f ∈Mp(R, U), a number τ ∈ R is called (ε,D
(ρ)
p, l)-almost period
if D
(ρ)
p, l(f(.), f(.+τ)) < ε, and is called (ε,D
(ρ)
p )-almost period if D
(ρ)
p (f(.), f(.+τ)) < ε. A
set T ⊆ R is relatively dense if there exists a number a > 0 such that [ξ, ξ+a]∩T 6= ∅ for
all ξ ∈ R. A function f ∈Mp(R, U), p > 1, belongs to the space Wp(R, U) of Weyl almost
periodic (a.p.) functions of order p if for any ε > 0 there is a number l = l(ε, f) > 0 such
that the set of (ε,D
(ρ)
p, l)-almost periods of f is relatively dense.
On the space U , we also define the metric ρ ′(x, y) = min{1, ρ(x, y)}, x, y ∈ U . Let
W (R, U)
.
= W1(R, (U, ρ
′)) be the space of Weyl a.p. functions f : R → U (of order 1)
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taking values in the metric space (U, ρ ′). We have
Wp(R, U) ⊆ W1(R, U) ⊆W (R, U) , p > 1 .
A sequence {τj}j ∈N ⊂ R is said to be f -returning for a function f ∈ W (R, U) if
D
(ρ ′)
1 (f(.), f(. + τj)) → 0 as j → +∞. For a function f ∈ W (R, U), by Mod f we
denote the module (additive group) of all numbers λ ∈ R such that e iλτj → 1 as j → +∞
(where i2 = −1) for all f -returning sequences {τj}. If U = (H, ‖.‖) is a Banach space and
f ∈ W1(R,H), then Mod f coincides with the frequency module of the function f .
Let (cl b U, distρ) be the metric space of non-empty closed bounded sets of the space
(U, ρ) with the Hausdorff metric distρ ; (clU, distρ ′) is the metric space of non-empty
closed sets of the space (U, ρ) with the Hausdorff metric distρ ′ corresponding to the
metric ρ ′. The spacesWp(R, cl b U), p > 1, andW (R, cl b U) ofWeyl a.p. multivalued maps
F : R→ cl b U are defined as the spaces of Weyl a.p. functions taking values in the metric
space (cl b U, distρ). Let W (R, clU)
.
= W1(R, (clU, distρ ′)); W (R, cl b U) ⊆ W (R, clU).
Theorem 1 (see [1]). Let (U, ρ) be a complete metric space, let g ∈ W (R, U), and
let F ∈ W (R, clU). Then for any increasing function η : [0,+∞) → [0,+∞), for which
η(0) = 0 and η(t) > 0 for all t > 0, there is a function f ∈ W (R, U) such that Mod f ⊆
Mod g +ModF , f(t) ∈ F (t) a.e., and
ρ(f(t), g(t)) 6 ρ(g(t), F (t)) + η(ρ(g(t), F (t))) a.e.
If F ∈ Wp(R, cl b U) for some p > 1, then the function f belongs to the space Wp(R, U).
For a complete separable metric space (U, ρ) we denote by (M(U), d) the (complete
separable) metric space of Borel probability measures µ[.] defined on the σ-algebra of Borel
subsets of the metric space (U, ρ), with the Le´vy – Prokhorov metric d; W1(R,M(U)) is
the space of Weyl a.p. measure-valued functions R ∋ t → µ[.; t] ∈ M(U) (of order 1)
taking values in the metric space (M(U), d). A measure-valued function R ∋ t→ µ[.; t] ∈
M(U) belongs to the space W1(R,M(U)) if and only if∫
U
F(x)µ[dx; .] ∈ W1(R,R)
for all continuous bounded functions F ∈ Cb(U,R) (see [2]). Moreover,
Modµ[.; .] =
∑
F ∈Cb(U,R)
Mod
∫
U
F(x)µ[dx; .] .
For µ ∈M(U), x ∈ U , and δ ∈ (0, 1) we shall use the notation
rδ(x, µ) = inf {r > 0 : µ[Ur(x)] > δ} ,
where Ur(x) = {y ∈ U : ρ(x, y) < r}.
Theorem 2. Let (U, ρ) be a complete separable metric space, let g ∈ W (R, U), and let
µ[.; .] ∈ W1(R,M(U)). Then for any δ ∈ (0, 1) there exists a function fδ ∈ W (R, U) such
that Mod fδ(.) ⊆ Mod g(.) + Modµ[.; .], fδ(t) ∈ supp µ[.; t] a.e., and
ρ(fδ(t), g(t)) < rδ(g(t), µ[.; t]) + δ a.e.
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Let S rd be the collection of relatively dense subsets T ⊆ R. We shall denote by P
(ρ)
p (ε; f)
the set of (ε,D
(ρ)
p )-almost periods of a function f ∈ Mp(R, U). Let W˜p(R, U) be the set
of functions f ∈Mp(R, U) satisfying the following two conditions:
1) P
(ρ)
p (ε; f) ∈ S rd for all ε > 0;
2) for any ε, δ > 0 there is a compact set Kε,δ ⊆ U such that κW ({t ∈ R : ρ(f(t), Kε,δ) >
ε}) < δ. (In the case U = (Rn, |.|), the condition 2 is satisfied for all functions f ∈
M1(R,R
n).)
Let W˜ (R, U)
.
= W˜1(R, (U, ρ
′)). We have
Wp(R, U) = W (R, U) ∩M
∗
p (R, U) ⊆ W˜ (R, U) ∩M
∗
p (R, U) ⊆ W˜p(R, U) .
If f ∈ W˜ (R, U) ∩M∗p (R, U), then for any ε
′ > 0 there exists a number ε > 0 such that
P
(ρ)
p (ε ′; f) ⊇ P
(ρ ′)
1 (ε; f).
Theorem 3. Let (U, ρ) be a complete metric space, let g ∈ W˜ (R, U), and let F ∈
W˜1(R, (clU, distρ ′)). Suppose that
T (ε)
.
= P(ρ
′)
1 (ε; g) ∩ P
(distρ ′ )
1 (ε;F ) ∈ S rd
for all ε > 0. Then for any δ > 0 and any function h ∈ W1(R,R) with a dense (countable)
frequency module Mod h (for this function T (ε) ∩ P
(ρ R)
1 (ε; h) ∈ S rd for all ε > 0) there
exists a function fδ ∈ W˜ (R, U) such that fδ(t) ∈ F (t) a.e.,
ρ(fδ(t), g(t)) < ρ(g(t), F (t)) + δ a.e. ,
and for any ε ′ > 0 there is a number ε > 0 such that
P
(ρ ′)
1 (ε
′; fδ) ⊇ T (ε) ∩ P
(ρ R)
1 (ε; h) .
Furthermore, if F ∈ M∗p (R, cl b U) for some p > 1, then fδ ∈ W˜ (R, U) ∩M
∗
p (R, U) ⊆
W˜p(R, U).
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